Ponder omotive entangling of atomic motions 
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We propose the use of ponderomotive forces to entangle the motions of different atoms. Two 
situations are analyzed: one where the atoms belong to the same optical cavity and interact with 
the same radiation field mode; the other where each atom is placed in own optical cavity and the 
output field of one cavity enters the other. 
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I. INTRODUCTION 



The preparation of entangled atomic states is one of 
the goals of atomic physics and quantum optics. These 
states are the key ingredients for studying some funda- 
mental issues of quantum mechanics Q, as well as for 
certain applications related to quantum information [Q. 
Various methods have been recently proposed to engi- 
neer entanglement between atoms |3]-[j| . They are based 
on achieving and controlling an effective interaction be- 
tween the atoms that are to be entangled. Typically, 
these interactions are mediated by the electromagnetic 
field, but also involve transitions between internal atomic 
states. 

On the other hand, atoms and radiation fields can in- 
teract via radiation pressure effects. The role of such 
ponderomotive effects in probing fundamental aspects of 
quantum theory has been pointed out in a number of re- 
cent papers [^|J^]. Here we shall exploit ponderomotive 
effects to propose a method of entangling atomic motions. 
This is fundamentally important as radiation pressure ef- 
fects are universal and scalable. For example, radiation 
pressure effects could also be fruitful in entangling mas- 
sive particles (or even macroscopic objects). If such a 
scheme happens to be successful for atoms, one would ac- 
quire the confidence of trying out a similar scheme with 
more massive objects. Another advantage of a pondero- 
motive scheme becomes clear when we note that most 
existing mechanisms for entangling atoms, apart from a 
very few ||, entangle internal atomic states. As such, the 
maximum degree of entanglement attainable is limited by 
the finite dimensionality of the Hilbcrt space of the in- 
ternal states of the interacting atoms. Our scheme, on 
the other hand, entangles atomic motions and therefore 
entangles two continuous variable (infinite dimensional) 
systems. Moreover, as we shall demonstrate, our entan- 
gling mechanism, in contrast to most others, does not 
require carefully controlled switching on and off of exter- 
nal laser fields acting on the individual atoms. 

As Hamiltonian model, we shall consider the case of 
large detuning of internal atomic transitions from the 
cavity field so that spontaneous emission can be neglected 
and the upper atomic level can be adiabatically elimi- 



nated g. In this case, the atom- field interaction reduces 
to the product between the number of photons and the 
amplitude of atomic displacement. The atomic internal 
states are never involved in the interaction and the atom 
can always stay in a fixed internal ground state. 



II. ATOMS IN THE SAME OPTICAL CAVITY 

We first consider two trapped atoms A and B in the 
same optical cavity. When they are invested by the (off- 
resonant) laser light, the evolution in one spatial direc- 
tion takes place according to the Hamiltonian (in natural 
units) 



(1) 



where a, b and c are annihilation operators for the vi- 
brational motion of the two atoms and the cavity mode 
respectively. Furthermore, Q is the vibrational frequency 
(assumed equal for the two atoms). The time evolution 
operator corresponding to the Hamiltonian (^) can be 
put in the following form 

U(t) = exp 2in 2 (c f c) 2 (t - sin t) 

x exp [ne'e (r}(t)ar — r]*(t)a)] 
x exp [«c f c (r7(t)& f -n*(t)b)] 
xexp[-it(a t a + 6 t 6)] , (2) 

where rj(t) = (1 — e~ 4 *), k = x/£! and the time is scaled 
accordingly to fit — > t. 

Let us now assume that initially both atoms are cooled 
down to their ground states and the cavity field is in co- 
herent states, that is 



|*(0)) = |0>„® |0} 6 <8> |C)c 
then, the time evolution leads to 



(3) 
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where \nKT](t}) 0) & are coherent states of the atoms. 

Let us suppose to measure the quadrature X = (c + 
c^)/V2- Then the state after the measurement will be 

m))=Af\x) cc {x\nt)), (5) 

where TV is a normalization constant, while \x) are the 
eigenvectors of the quadrature observable X. The in- 
verse of normalization constant also gives the probability 
amplitude of the outcome x, that is P{x) = TV -2 . 

The joint state of the atoms after the measurement 
results 




\nKr}(t)) a ®\nKr)(t))b, (6) 

where 

c (z|n) c = n- 1 / 4 (2 n n\)- 1 / 2 H n (x) exp(-x 2 /2) , (7) 

are the harmonic oscillator position eigenstates, with H n 
the Hermite polynomials. 

The state (0) depends on the time at which the mea- 
surement is performed and is conditioned to the result x 
of the measurement. Let us choose a time tjy = (2iV+lW 
with N e N, so that rj{t N ) = 2, and ceN, thus Eq.(§) 
becomes 

~ 2 °° C n 

Mt N )) = Afe- |CI " /2 V ->= c (x\n) c \4nn) a <g> |4 K n) b . 

(8) 

It is clear that the above state represent an entangled 
state for the atoms. In practice, since the radiation field 
mediates information between the two atoms, a measure- 
ment of its quadrature leaves the atoms correlated. 

In order to quantify the degree of entanglement we cal- 
culate the linear entropy |J 

£ = l-Tr Q {[Tr fe (p)] 2 }, (9) 

where p = |4 f (tjv))(^ r (iiv)|- However, since the formation 
of entangled states is conditioned to the measurement on 
the radiation field, it would be useful to define the effi- 
ciency of the entanglement procedure as 

T(x) = E(x) x P(x) . (10) 

Then, in Fig.jl] we show the efficiency T as function of 
quadrature outcome x. We clearly see that the efficiency 
increases as the radiation pressure (i.e., the amplitude of 
the radiation field) increases. The shape of T comes from 
the fact that x = is the most probable outcome of the 
measurement, but the entanglement has a minimum at 
that value. 
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FIG. 1. Entanglement efficiency vs quadrature outcome for 
different values of £ (from bottom to top, £ = 0.1, 0.4, 0.8). 
Here, k = 1. 

Note that by increasing k sufficiently, the set of states 
{|4«;n)} in Eq.(|^) can be made to approach an orthonor- 
mal basis arbitrarily close. This means that we can ap- 
proach the maximal entanglement possible in any D x D 
system arbitrarily closely by setting the field amplitude £ 
to a required value and increasing k. For example, for a 
10 x 10 system, the maximum entanglement according to 
the measure of Eq.(||) is 0.9. This is already exceeded for 
a field amplitude ( — 6. The above fact clearly illustrates 
one of the advantages of entangling through our scheme 
in contrast to entangling the internal levels of two two- 
level atoms as in most existing schemes. The degree of 
entanglement achievable is not bounded from above by 
any fundamental constraint. Of course, the degree of 
entanglement one can practically produce will depend on 
parameters such as the Q-factor of the cavity in a specific 
experimental realization. 

III. ATOMS IN DISTINCT OPTICAL CAVITIES 

We now consider the two (trapped) atoms placed in 
separate cavities, and interacting sequentially with the 
same radiation field. That is, the outgoing field from the 
first cavity enters the second one. Therefore, the Hamil- 
tonian (Q) should be modified as follows: 

H = xcl c i( a + at ) + x4 c 2(b + b r ) 

+{l(a^a + tfb) , (11) 

where we have assumed the same coupling constant and 
the same oscillatory frequency for the two atoms. 

However, in such a case we have to consider photon 
losses, which we assume to occour at same rate 7 in the 
two cavities. We further assume a decay of the atomic 
motions at rate T. Thus, we can write down the quantum 
Langevin equations as 
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Eq.(|l7|) shows a typical bistable behavior [p"l"|] 
more, the steady states of atomic operators a 


b = 


-iflb- 


ixc\c 2 - 
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given by 
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— iAiCi 


- ixci{a 


+ at) 
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where all the input operators represent vacuum noise [flO[ . 
Ai and A 2 are the cavity detunings. The boundary con- 
dition reads 



in n out 



(16) 



To solve the system of Eqs.(|l2(), ([L3|), (|14j), (|15|), we 
proceede by the linearization around the steady state. 
The latter is characterized by 



A i 
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with the relation 

S2 : 



cr* = V7C1 - cf 



1,2, (17) 



(18) 



Here, £ is the steady state value of the operators c, and 
£j™ is the amplitude of the input field (at the first cavity) . 



(19) 
(20) 



The linearized system of equations can be written in 
the frequency domain as 

lijJV = M.V + Vi n (21) 

where the transposed vectors v T and vf n are given by 

v T = (a,a t ,6,6 t ,ci,c|,c 2 ,4) , (22) 

and 

"in = (Vfd m , Vfaj n , Vfb m , Vfb\ n , 

Src™, yfi<f?\ -VicT, - Vt"5 2 " f ) , (23) 

where now all the operators represent small quantum 
fluctuations around steady state. Moreover, the 8x8 
matrix M. is 



M = 



Mm Mrv 



(24) 



with 
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The solution of the Eq. (plh can formally be written as 



~}{u>) = [iu>l - M] 1 v in {uj) , 



(28) 



where X is the 8x8 identity matrix. Then, the various fre- 
quency correlations can be easily calculated by using the 
correlations of the vacuum input noise JlCfl . These should 
deserve to quantify the entanglement of atomic motions. 
Nevertheless, since we deal with non pure states, it is 
very difficult to quantify the degree of entanglement jl2| . 
To reach this goal we shall proceed as follows. 

We first introduce the dimensionless atomic position 
and momentum variable 



q a = (a + a f ) ,q b = (b + b f ) , 

p a = -i(a - a f ) ,pb = -i(b - tf) , 



(29) 
(30) 



Now, if the atoms are entangled, one could infer po- 
sition or momentum of one atom through position or 
momentum of the other jTjJ. The errors of these infer- 
ences are then quantified by the variances ((q a + qb) 2 ) 
and ((p a —pb) 2 ). Once the product of these inference 
errors lies below the limit of the Heisenberg principle, 

i.e. ((q a + q b ) 2 )'({Pa-Pb) 2 ) < \([q a , Pa })\ 2 /4, an EPR-like 
paradox arises MM . This is a typical manifestation of the 
existence of purely quantum correlations between the two 
systems Jl3[ . It is known that when ((q a +qb) 2 ) ((Pa— Pb) 2 ) 
is less than 1 [ p^| , the state is entangled irrespective of 
whether it is pure or mixed. Though the criteria for the 
presence of entanglement in continuous variable systems 
is present pj| , ^6| , and we use this to prove the presence 
of entanglement in our case, there is as yet no rigorously 
proved measure of continuous variable entanglement. We 
shall use a quantity motivated from the above separabil- 
ity criterion to evaluate the degree of entanglement. 

Now, given an operator 0(u>) in the frequency domain, 
we define the hermitian operator TZ^q^{uj) = [0(lu) + 

0(—u>)]/2. Then, recalling the previous argument, we 
can define the degree of entanglement as 



±|([7^»,^»])| 2 



(31) 



which can be considered as a signature of entanglement 
whenever it goes below one. Notice that this condition 
is much stronger than the simple entanglement require- 
ment, in that E < 1 requires EPR-type correlations. 

In FigJ| we show the degree of entanglement ( |3l| ) as 
function of the input field amplitude. The sharp decre- 
ment is due to the jump from one to the other branch 
of the bistable curve fll]. Then, by increasing the radi- 
ation intensity, the entanglement tends to disappear be- 
cause of the increasing radiation pressure noise. In case 
of small coupling constant, entanglement effect appears 
at higher amplitudes (dashed line). Notice that we have 
used nonzero detunings to establish correlations between 
q and p variables, while naturally only q variables tend 
to couple as results from Hamiltonian (pT[). 



1.5 



0.5 



10* 




I0Y 



1/2 



FIG. 2. Degree of entanglement vs input field amplitude 
at frequency SI. The values of parameters (in unit of 7) are: 
X = 1 (solid line), x = 0.1 (dashed line) and Ai = A 2 = 10 4 , 

r = kt 3 . 
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IV. CONCLUSIONS 

In this paper we have discussed how to exploit ra- 
diation pressure effects to entangle the motions of two 
atoms. We have considered two scenarios: atoms in same 
and in separate cavities. As radiation pressure effects are 
very generic, the scheme should lead to those for more 
macroscopic objects. It also has the advantage of not 
involving either atomic internal states or various laser 
pulses being applied to the atoms. It is precisely this fact 
that offers the generality of our scheme, in the sense that 
it should not depend on the specific internal configura- 
tion of the atoms. Moreover, the entanglement between 
atoms in separate cavities is generated in the steady state 
(i.e. after all types of decoherence and dissipation have 
acted). This means that this type entanglement gener- 
ating mechanism is robust in nature. Further generaliza- 
tions of this scheme for entangling several atoms inter- 
acting with a common cavity field would be interesting 
and could potentially provide a simple way for generating 
multiparticlc Schroedinger cat states. 
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